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Abstract 
This paper presents an analysis which generalizes the results of Blackburn and 
Galindev (2003) on the relationship between long-term growth and short-term 
volatility by considering the Constant Relative Risk Aversion utility function and 
productivity shocks. Blackburn and Galindev (2003)’s findings resemble those 
derived in the case where the utility function is more curved than the logarithmic: an 
increase in the volatility of the shock increases growth when internal learning is 
more important for productivity growth than external learning, and vice versa. When 
the utility function is less curved than the logarithmic, however, these findings are 
reversed.     
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1.  Introduction 
The nature of the relationship between short-term (cyclical) volatility and long-
term (secular) growth has generated a growing interest both empirically and 
theoretically. Empirical evidence based on individual time series and cross section 
data shows an ambiguity in the sign of the relationship (see Kneller and Young   2 
(2001) for a review of the evidence). This ambiguity has inspired theorists to seek the 
potential determinants of the underlying relationship in various stochastic endogenous 
growth models. Recent contributions by De Hek (1999, second model), Jones et al. 
(1999) and Smith (1996) consider the CRRA (Constant Relative Risk Aversion) 
utility function and uncertainty to production technology and show that the effect of 
uncertainty on growth depends fundamentally on the individuals’ attitude towards 
risk. According to these analyses, the more (less) risk averse an agent, more likely 
that increased uncertainty will lead to a higher (lower) growth by increasing 
(decreasing) the amount on which productivity growth depends. De Hek (1999, first 
model) finds that the uncertainty about returns to human capital accumulation reduces 
time devoted for it hence the long-run expected growth rate falls in the case of 
logarithmic utility function. More recently, Blackburn and Galindev (2003) consider a 
model with a logarithmic utility function and preference shocks in which productivity 
growth entails both external (serendipitous) and internal (deliberate) learning 
behaviour. They find that the effect of increased volatility of the shock on growth 
depends on the relative importance of each learning mechanism. When external 
learning is more important than internal learning, the relationship between growth and 
volatility tends to be negative, and vice versa.  
The present paper extends the model of Blackburn and Galindev (2003) by 
specifying a CRRA utility function, and productivity shocks rather than preference 
shocks. This introduces the added dimension of individuals’ attitude towards risk to 
their model. More precisely, I find that Blackburn and Galindev (2003)’s results 
resemble those derived from a special case of the general model in which preferences 
are more curved than the logarithmic utility function. However, their results are   3 
reversed for the case where the utility function is less curved than the logarithmic 
utility – i.e., agents are less risk averse than the logarithmic case. The implication is 
that the relative dominance of one learning mechanism over another is not sufficient 
to unambiguously predict the sign of relationship between growth and volatility.  
The remainder of this paper is organised as follows. Section 2 sets up the model. 
Section 3 solves for the stochastic dynamic general equilibrium and discusses the 
main results. Section 4 concludes. 
 
2. A model 
Time is discrete and indexed by  0,..., t = ∞. The economy consists of a fixed 
population (normalised to one) of identical, infinitely-lived agents who are both 
producers and consumers of a single commodity. The representative agent maximises 
the following expected lifetime utility: 
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where  t C  denotes consumption,  t L  denotes leisure and the term τ  measures the 
household’s attitude towards risk (and 1τ  is the elasticity of intertemporal 
substitution). When  1 τ = , the preferences converges to the logarithmic function 
which is considered in Blackburn and Galindev (2003).
1 The agent produces output, 
t C , by combining his labour,  t N , and the currently available state of technology,  t Z , 
in accordance with the production function:  
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1 Blackburn and Galindev (2003) considers preference shocks as the effect of technology shocks are 
neutral in the case of logarithmic utility function – i.e., the income and substitution effects cancel each 
other out.       4 
Technology is endogenous and evolves according to: 
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Productivity growth in Eq. (3) is the result of both internal (deliberate) and external 
(non-deliberate) learning behaviour. The former is represented by  t S , the amount of 
time that the agent devotes intentionally to improving his own productivity (e.g., 
through formal education, training and research). The latter is approximated by  t N , 
the aggregate level of employment which captures the extent of knowledge spillovers 
among agents and which each agent takes rationally as given. The relative importance 
of each learning mechanism for productivity growth is measured by the parameters φ  
and θ . The critical value of these parameters in the face of uncertainty such that both 
types of learning behaviour are equally important for productivity growth will be 
derived below. The term,  1 t A + , is a productivity shock which is an identically and 
independently distributed random variable with unit mean and a constant variance, 
2
a σ .  
The agent is assumed to have one unit of time that can be allocated between leisure, 
producing output and improving productive efficiency:   
1 tt t LNS = ++ .        (4) 
The agent allocates this endowment to maximise the expected lifetime utility in Eq. 
(1) subject to Eqs. (2), (3) and (4). The first order condition with respect to  t N  yields 
the following relationships: 
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The first order condition with respect to time spent learning is: 
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where  t E  is the expectations operator. The left hand side expression in Eq. (7) 
represents the marginal cost of spending one unit of time on learning in terms of 
forgone leisure while the right hand side expression shows its marginal benefit in 
terms of an increase in expected marginal utility of consumption. Substituting Eqs. 
(2) and (3) into Eq. (7), one can obtain the following expression: 
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According to the expression in Eq. (8), the optimal policies for time spent learning, 
t S , and working,  t N , hence leisure,  t L , are independent of the current shock,  t A . The 
reason is that  t A  is deliberately assumed to be a shock to the growth rate of 
productivity in Eq. (3), for simplicity. The intuition is that a positive shock,  t A , 
increases  t N  by increasing its marginal productivity which will lead to a decrease in 
t S . On the other hand, the same shock also increases  t S  by increasing  1 t Z +  through 
an increase in  t Z . The opposite effects cancel each other out hence  t S  and  t N  are left 
unaffected. This implies that the optimal policies for leisure, time spent working and 
learning are constant over time – i.e.,  t LL = ,  t NN =  and  t SS =  for any t for a 
given variance of the shock, 
2
a σ . Substituting these policies together with the 
equilibrium condition,  tt NN = , into Eq. (8), we obtain:    6 
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The expression in Eq. (9) shows the relationship between uncertainty captured by 
1 () EA
τ −  due to 
2 0 a σ >  and the optimal policies for time spent learning, S , hence 
time spent working,  N , in Eq. (5), and leisure, L, in Eq. (6). The results are 
summarised in the following Proposition. 
 
Proposition 1: If  1 τ > , increased uncertainty has a positive effect on S  hence a 
negative effect on N  and L. If  1 τ = , an increase in uncertainty has no effect on S , 
N  and L. If 01 τ <<, increased uncertainty has a negative effect on S  hence a 
positive effect on N  and L.   
 
Proof Given the statistical properties of the shock,  1 t A + , one may show that 
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follows: 
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It is obvious that if  1 τ =  – i.e., the instantaneous utility function becomes 
log log tt CL λ + , then uncertainty has no influence on the optimal policy for S . The 
optimal policies for time spent learning, working and leisure in this case are 
S
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Suppose now  1 τ ≠ . In order to analyse the effect of uncertainty on the optimal 
policies for S ,  N  and L, let us approximate the expression in Eq. (10) around  1 τ =  
and  S  using the first order Taylor series. The purpose of this exercise is to see first 
how the optimal policy for S changes relative to S  depending on the value of τ  for a 
given variance of the shock, 
2
a σ . We will then see how the optimal policy for S  
changes in response to a change in 
2
a σ . It follows that 
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Some tedious algebra reveals the following results 
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Since  2() 0 f ⋅ ≷ , let us consider each case in turn. Firstly, in the case of  2() 0 f ⋅> , Eq. 
(15) shows that SS >  for 01 τ < < , but SS <  for  1 τ >  since  1() 0 f ⋅ > . From Eq. 
(17), it is obvious that an increase in 
2
a σ  decreases the value of  2() 0 f ⋅ > . In response 
to this, S  has to decrease if 01 τ < < , but has to increase if  1 τ > . In the second case 
where  2() 0 f ⋅< , Eq. (15) exhibits that SS <  for 01 τ < < , but SS >  for  1 τ > . Like 
the first case, an increase in 
2
a σ  increases the absolute value of  2() 0 f ⋅ <  hence S  has 
to decrease if 01 τ << , but has to increase if  1 τ > . In summary, we have proved that   8 
increased uncertainty has a positive (negative) influence on S  if  1 τ >  (01 τ <<) 
regardless of the sign of  2() f ⋅ . The intuition is that the more (less) anxious an agent is 
to smooth consumption over time, it is more likely that increased uncertainty leads to 
an increase (decrease) in the optimal time spent improving productivity. 
Alternatively, we could explain these results on the conflict between the substitution 
and income effects as the optimal policy for S  acts the same as the agent’s saving 
behaviour (e.g., Levhari and Srinivasan, 1969; De Hek, 1999; Smith, 1996; Jones et 
al., 1999). The former tends to decrease S  as increased uncertainty of technology 
makes future consumption less desirable than current consumption. The latter tends to 
increase S  through the existence of precautionary motive – i.e., the marginal utility is 
convex. The higher τ  implies a higher precautionary motive and vice versa. In the 
case of  1 τ > , the precautionary motive dominates the substitution effect hence S 
increases. The opposite happens in the case of 01 τ < < .  
The effect of uncertainty on the optimal policies for leisure and time spent working 
can be easily proven using Proposition 1 and Eqs. (5) and (6).  
 
3. Uncertainty and output growth 
We have now arrived at the point where we are able discuss the effect of uncertainty 
on the growth rate of technological change and output. Let us substitute the optimal 
policies for S  and  N  into Eqs. (2) and (3) and obtain the actual growth rate of output 
between two consecutive periods: 
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Since the optimal policies for S  and  N  are independent of the actual shock,  1 t A + , the 
mean of this growth can be written as follows: 
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According to the expression in Eq. (19), uncertainty can have ambiguous effects on 
1 () t Eg +  through its opposite and ambiguous effects on S  and  N . Suppose that we 
obtain  S    and  N    hence  1 () t Eg +    for every τ , for given 
2
a σ . By log-linearising the 
expression in Eq. (19) around these values we can determine the effect of an increase 
in 
2
a σ  (i.e., uncertainty) on  1 () t Eg + . Defining  1 ˆ log( ( )) log( ( )) t g Eg Eg + = −   , 
ˆ log( ) log( ) s SS =−    and  ˆ log( ) log( ) nN N =−   , we then obtain 
ˆˆˆ g sn φ θ = + .                   (20) 
In order to express the right hand side of Eq. (20) in terms of one variable, we can 
log-linearise the time constraint in Eq. (5) around S    and  N   . Accordingly,  
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Substituting Eq. (21) into Eq. (20) yields  
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The expression in Eq. (22) says that  ˆ g  could be positive, negative or zero depending 
on the value of 
()
S
N
α
φθ
αλ
⎛⎞
− ⎜⎟
+ ⎝⎠
 
   and the value of  ˆ s. From Proposition 1, we know 
that  ˆ 0 s <  for 01 τ <<,  ˆ 0 s =  for  1 τ =  and  ˆ 0 s >  for  1 τ > . We can obtain the critical 
values of parameters measuring the relative importance of each learning mechanism 
for productivity growth, 
**
()
S
N
α
φθ
αλ
=
+
 
  , such that  ˆ 0 g =  – i.e., each type of learning   10  
is equally important. The case in which 
* φ φ >  (or 
* θ θ < ) implies that internal 
learning is relatively more important for productivity growth than external learning. 
The case where 
* φ φ <  (or 
* θ θ > ) implies the opposite. The effects of uncertainty on 
growth are summarised in the following Proposition. 
 
Proposition 2. An increase in uncertainty increases growth (i.e.,  ˆ 0 g > ) if (i).  1 τ >  
hence  ˆ 0 s >  and 
* φ φ >  and (ii). 01 τ < <  hence  ˆ 0 s <  and 
* φ φ < . Increased 
uncertainty decreases growth (i.e.,  ˆ 0 g < ) if (iii).  1 τ >  hence  ˆ 0 s >  but 
* φ φ <  and 
(iv).  01 τ << hence  ˆ 0 s <  but 
* φ φ > . An increase in uncertainty has no effect on 
growth (i.e.,  ˆ 0 g = ) if (v). 
* φ φ =  for any  0 τ >  or (vi).  1 τ =  hence  ˆ 0 s =  for any 
0 φ > .           
 
The proof is obvious. In case (i), internal learning is relatively more important than 
external learning for productivity growth. Since more risk averse agent ( 1 τ > ) 
allocates more time towards deliberate learning, increased uncertainty has a positive 
effect on growth. In the case (ii), the agent allocates less time towards learning hence 
more time to working as she is less risk averse (01 τ < < ) in response to increased 
uncertainty. Since external learning is relatively more important for productivity 
growth than external learning, uncertainty has a positive effect on growth. In case 
(iii), a highly risk averse agent increases time spent learning by decreasing time spent 
working in response an increase in uncertainty which leads to a lower growth as 
external learning is a dominant determinant of productivity growth. Case (iv) shows 
the possibility that relatively less risk averse agent decreases time spent learning by   11  
increasing time spent working in the face of high uncertainty which leads to a lower 
growth as internal learning is more important for productivity growth. Case (v) shows 
that both learning mechanism are equally important hence changes in time spent 
working or learning due to changes in uncertainty has no effect on growth. Case (vi) 
shows that the agent does not respond to changes in uncertainty hence growth is 
unaffected regardless of the relative importance of each learning mechanism for 
productivity growth.  
When  1 τ > , the result resemble those reached by Blackburn and Galindev (2003): an 
increase in the variance of the shock has a positive effect on growth if productivity 
growth is predominantly determined by internal learning – e.g. case (i), and vice versa 
– e.g. case (iii).  These results can be reversed in the case of 01 τ < < .  
 
5. Conclusion 
The paper extends the model of Blackburn and Galindev (2003) by considering the 
CRRA utility function and productivity shocks rather than preference shocks. Under 
these more general circumstances, the effect of uncertainty on growth depends not 
only on the relative importance of alternative learning mechanisms for productivity 
growth suggested by Blackburn and Galindev (2003), but also on individuals’ attitude 
towards risk suggested by De Hek (1999), Smith (1996) and Jones et al. (1999). 
Blackburn and Galindev (2003)’s findings are the same as those in the case where the 
utility function is more curved than logarithmic: an increase in the volatility of the 
shock increases (decreases) growth when internal (external) learning is more 
important for productivity growth. In the case where the utility function is less curved 
than the logarithmic function, however, their results are reversed. For the case where   12  
internal learning is relatively more important for technological change but the agent is 
less risk averse, an increase in uncertainty has a negative effect on time spent learning 
and on growth.  
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